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One of the most remarkable features of the Quark Gluon Plasma is its
nearly perfect fluidity behavior indicated by the small shear viscosity to
entropy density ratio obtained from fitting relativistic viscous hydrody-
namics flow harmonics to experimental data. In recent years, bulk viscos-
ity has also been considered in the context of event-by-event relativistic
hydrodynamics and it has been found to have a non-trivial interplay with
shear viscosity. In this paper some of the issues are discussed that require
further work when extracting the shear viscosity to entropy density ratio
in the presence of a non-zero bulk viscosity.
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1 Introduction
The nearly perfect fluidity of the Quark Gluon Plasma was discovered in ultrarela-
tivistic nucleus-nucleus collisions at RHIC in the early 2000’s and it was subsequently
confirmed at the LHC at higher collision energies. Initially, the focus was only on
the effects of shear viscosity on event-by-event hydrodynamical calculations of flow
harmonics [1], which are used to study the collective motion of the Quark Gluon
Plasma, but in recent years the inclusion of bulk viscosity effects on event-by-event
simulations has been shown to affect both the flow harmonics and particle spectra
[2, 3] while also improving the mapping between the initial conditions and the final
flow harmonics [4]. More recently, it has been pointed out in [5] that for IP-Glasma
initial conditions [6] bulk viscosity is needed in order to fit 〈pT 〉.
A number of theoretical calculations have been done over the years to uncover the
temperature dependence of the shear viscosity to entropy density ratio, η/s(T ) and
the bulk viscosity to entropy density ratio, ζ/s(T ). An overview of those results is
shown in Fig. 1. Shear viscosity measures the resistance to gradual deformation by
shear stress and the actual effect in hydrodynamics appears from smoothing out the
energy density gradients over time. In Fig. 1 (left) the curves corresponds to different
calculations of η/s(T ) coming from a variety of sources such as transport models
like URQMD [7] (in the hadron gas phase), PHSD [8] (both the hadron gas/QGP
phase), and BAMPS [9] (QGP phase) or other types of theoretical models such as the
gauge/gravity duality [10] (for a discussion on temperature dependence in this case see
[11]), Hagedorn States [12, 13] (see also [14]), the semi-QGP model [15], pure Yang
Mills theory [16], and color magnetic monopoles [17, 18]. However, an interesting
point to be made is that in order to obtain a minimum in η/s around the crossover
phase transition region extra degrees of freedom (not present in an ordinary hadron
gas) are needed, which can be clearly understood from looking at the entropy density
obtained from the Lattice Equation of State [19] that shows a rapid increase around
Tc ∼ 180 MeV. These extra degrees of freedom are needed when T ∼ 150− 300 MeV
where the system goes from the high temperature end of the hadron gas phase [12, 14]
(modeled using Hagedorn states - massive, short lived resonances that appear only
close to the crossover transition) to the strongly interacting Quark Gluon Plasma,
which may be modeled by the effects color magnetic monopoles (see [18]).
Bulk viscosity acts as a resistance against the volume expansion of a fluid and,
as such, it slows down the system’s evolution. Bulk viscosity arises in non-conformal
systems and it has been suggested [20] that ζ/s may peak near the phase transition
induced by the peak in the trace anomaly (θ/T 4 = (ε− 3p)/T 4) found on the lattice
[19]. Indeed, models that manage to reproduce the lattice equation of state in the
hadron gas phase [12, 13] and non-conformal gauge/gravity models [21] are able to
produce a peak in the bulk viscosity at the crossover transition. Other calculations
of bulk viscosity include kinetic theory models [22], weak coupling QCD [23] (see also
1
[24]), and PHSD [8]. See Fig. 1 (right) for a comparison between the models.
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Figure 1: (Color online) Recent theoretical calculations of η/s(T ) (left) and ζ/s(T )
(right) are shown for temperatures relevant for heavy ion collisions (the corresponding
references for each of the curves can be found in the text).
Viscous relativistic hydrodynamics can be used as a tool to test the applicability
of theoretical calculations of transport coefficients via a comparison to experimental
data. Therefore, the purpose here is to take currently known ζ/s(T ) theoretical
calculations shown in Fig. 2 and test if they can fit the flow harmonics but also what
size of an effect that they have on the shear viscosity η/s. One should note that
even parametrizations are based upon theoretical models with important underlying
physical assumptions so it is necessary to test these models against experimental data
to see the degree of our understanding of transport coefficients.
2 Setup
All calculations are done within the 2+1 event-by-event relativistic viscous hydro-
dynamical code, v-USPhydro, [2, 3] that solves the equations of motion of viscous
hydrodynamics with bulk and shear viscosity effects using the Lagrangian algorithm
Smoothed Particle Hydrodynamics (SPH) which was first adapted for heavy ion col-
lisions in [25]. For further details on the model, tests, and parameters see [2, 3].
NeXus initial conditions are generated using a parton-based Gribov-Regge picture of
nucleus-nucleus collisions in which hard partons are treated using perturbative QCD
while soft partons are included using the string picture [26], which has been shown to
already fit RHIC data well [27]. A freeze-out temperature of TFO = 120 MeV is used
and decays are taken into account via an adapted version of the AZHYDRO code [28]
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that includes hadrons and resonances with masses up to M = 1.7 GeV. At freeze-out
the distribution function is described as
f = f0 + δfshear + δfbulk (1)
where f0 is the local equilibrium distribution function and δf are the out-of-equilibrium
contributions associated with shear and bulk viscosity. The individual components
are defined in [2, 3] and the δfbulk is taken from [29].
In Fig. 2 (left) one can see the two very different choices in ζ/s(T ) taken here.
For ζ/s(T )(1) [5] the hadron gas phase is taken from a hadron resonance gas model
with Hagedorn States that reproduce the lattice Equation of State in [30]. Note
that in the case of ζ/s(1)(T ), Hagedorn States should be included in the hadronic
afterburner for consistency’s sake since that generates the large peak in the hadronic
sector due to the extra degrees of freedom from these heavy resonances. While this is
unlikely to strongly affect the particle ratios [31, 32] it will likely affect the differential
flow harmonics [30]. The curve ζ/s(T )(2) was generated using the parametrization
of the bulk viscosity computed in [21] based on non-conformal holography that also
matches the Lattice Equation of State. As one can see, in both curves ζ/s has a peak
around the phase transition. However, the peak found in the holography calculation
is significantly smaller than the one used in [5].
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Figure 2: (Color online) Two theoretical bulk viscosity calculations of ζ/s(T ) (left)
and the corresponding hydrodynamical calculation of elliptic flow, v2 at
√
s = 200
GeV RHIC collisions for 20− 30% centrality (right).
In Fig. 2 (right) the extraction of η/s = const is shown for the two choices in
ζ/s(T ). As a comparison the v2 for shear and ideal hydro calculations are also shown.
Note that in [27] higher freeze-out temperatures between TFO = 130− 150 MeV are
used. The lines for the inclusion of bulk viscosity are only plotted up to pT = 1.5 GeV
because beyond that variations in the δf contributions are significant [2, 3]. It is clear
that when it comes to fitting flow harmonics that the magnitude of shear viscosity is
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Percentage change of 〈pT 〉 from η/s to ζ/s+ η/s
Viscosity f0 f0 + δfshear + δfbulk
ζ/s(1) + η/s −3.6% −12%
ζ/s(2) + η/s −2% −1.5%
Table 1: Percentage change in 〈pT 〉 of all positively charged particles due to bulk
viscosity effects both with and without δf corrections compared to shear viscosity
only.
strongly dependent on the choice of bulk viscosity. ζ/s(T )(1) has a significantly taller
peak that is more narrow, which requires a much larger η/s to compensate the effect
of bulk whereas ζ/s(T )(2) has a flat, broad peak that only shows a slight increase of
η/s over the case when only shear viscosity is considered. However, in both cases the
combination of ζ/s and η/s provide a better shape to v2 compared to both ideal and
shear.
One should note that the increase of η/s in the presence of bulk is entirely a δfbulk
effect in Eq. (1). In [2] it was shown that as one increases the magnitude of ζ/s when
only the local equilibrium component, f0, is considered then the overall magnitude of
integrated vn’s decreases. However, in both [2, 3] it was shown that multiple choices
of δfbulk increase the vn’s, which means that there are two competing effects. Thus,
if one sees a total increase in vn’s in the presence of bulk (or conversely an increase
in η/s to fit experimental data) this implies that the δfbulk “won” over f0. In [5] the
relaxation time approximation was employed to compute δfbulk, which gives a smaller
contribution so the overall effect was to decrease vn’s as well as decreasing the needed
η/s. This illustrates the necessity for better modeling the non-equilibrium corrections
associated with bulk viscosity at freeze-out.
Furthermore, one can also investigate how the magnitude of ζ/s affects 〈pT 〉. In
Table 1 the percentage change of 〈pT 〉 compared to η/s = 0.1 both for only the
local equilibrium distribution function f0 and for the inclusion of out-of-equilibrium
effects f0 + δfshear + δfbulk are shown. It is clear that bulk viscosity does consistently
decrease 〈pT 〉 even when out-of-equilibrium effects are not considered. However, in
this case the effect is quite small - only 2% − 3% depending on our choice of ζ/s.
In this work the dominant effect behind the decrease in 〈pT 〉 arises from the out-of-
equilibrium corrections to the distribution function. In the case of ζ/s(2) because the
bulk viscosity is quite small the δfshear is the dominant term in the non-equilibrium
correction and there is a slight increase of 〈pT 〉 from −2% to −1.5% with the inclusion
of the out-of-equilibrium contributions. However, for ζ/s(1) the bulk viscosity is large
so δfbulk dominates and a large decrease of 〈pT 〉 from −3.6% to −12% is found. Note
that in this paper only NeXus initial conditions are considered whereas the large effect
in 〈pT 〉 in [5] was found using IP-Glasma initial conditions (and a different Ansatz
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for δfbulk). One interesting aspect of this is the difference in the overall smoothing
scale [33], which may be explored in combination with bulk viscosity in the future.
3 Conclusions
In this proceedings the difficulties that arise when extracting the shear viscosity in the
presence of bulk viscosity in the context of relativistic hydrodynamic are discussed.
Elliptic flow is strongly affected by the choice of the temperature dependence of ζ/s as
well as by the model choice of δfbulk corrections to the distribution function at freeze-
out. Assuming the δfbulk calculated in [29], the η/s can range from 0.1 when ζ/s = 0
to η/s = 0.24 in our calculations for ζ/s(1) that has a peak that reaches ζ/s(1)
max
≈
0.35. ζ/s(2) calculated within the non-conformal holography framework produces a
much more modest increase in shear viscosity to only η/s = 0.145. However, in
both cases there is an improvement to the fit to experimental data for NeXus initial
conditions. Additionally, the change in 〈pT 〉 is also dependent both on the choice of
ζ/s as well as the δf correction. When only the local equilibrium distribution function
is considered (i.e., δf = 0), the percentage change of 〈pt〉 from the case with only shear
viscosity to the one with shear+bulk between the ζ/s(1) and ζ/s(2) are quite small,
only −3.6% and −2%, respectively. However, the largest effect on the 〈pT 〉 arises
from the δfbulk correction. This indicates that if the out-of-equilibrium contribution
to the distribution function is large than the 〈pT 〉 can be a good distinguishing factor
in determining ζ/s(T ) that best matches experimental data.
In conclusion, bulk viscosity has a very complicated interplay with shear viscosity,
which indicates that experimentally extracting the exact values of both bulk viscosity
and shear viscosity from data will be difficult. One of the most important issues that
remains is determining the correct description of δfbulk since it plays a large role in the
overall effect of bulk viscosity both for the flow harmonics as well as for 〈pT 〉, which
is not seen when one only includes the equilibrium distribution function. Ideally, the
field will converge to a comprehensive approach with temperature dependent trans-
port coefficients that are consistent with the lattice equation of state while covering
the entire temperature range of a heavy-ion collisions, which would include all needed
hadronic resonances to reproduce these transport coefficients in the hadron resonance
gas phase as well. As more energies are explored at RHIC and the LHC the hope is
that more constraints may be placed on the transport coefficients.
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